Introduction {#Sec1}
============
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Unlike polynomials, posynomials can have arbitrary exponents. They arise in convex optimization, especially in geometric and entropic programming \[[@CR6]\] and in polynomial optimization \[[@CR7]\]. They also arise in the theory of nonnegative tensors \[[@CR8], [@CR11]\], in risk sensitive control \[[@CR3]\] and game theory \[[@CR1]\].

A *tropical posynomial* is a function of the formwhere is the usual dot product of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^n$$\end{document}$. The terminology used comes from the *tropical* (or max-plus) *semi-field*, whose additive law is the maximum and the multiplicative law is the usual sum.

In this paper, we are interested in solving (square) classical posynomial systems, that are of the formwith $\documentclass[12pt]{minimal}
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                \begin{document}$$P_i^{\text {trop}}$$\end{document}$, for brevity). The optimality equations of Markov decision processes \[[@CR13]\] are special cases of tropical posynomial systems. More general tropical posynomial systems arise in the performance analysis of timed discrete event systems, see \[[@CR2]\].

Solving (square) posynomial systems is in general NP-hard (Sect. [2](#Sec2){ref-type="sec"}). However, we identify a tractable subclass. The tropical version can be solved exactly in polynomial time by reduction to a linear program (Sect. [3](#Sec3){ref-type="sec"}), whereas the classical version can be solved approximately by reduction to a geometric program (Sect. [4](#Sec4){ref-type="sec"}). Our approach is based on a notion of colorful interior of a collection of cones. A point is in the colorful interior if it is a positive linear combination of vectors of these cones, and if at least one vector of every cone is needed in such a linear combination. Our reductions are valid when the colorful interior of the cone generated by the supports of the posynomials is nonempty, and when a point in this interior is known. As special cases, we recover the linear programming formulation of Markov decision processes, and the geometric programming formulation of risk sensitive problems. Properties of the colorful interior and related open problems are discussed in Sect. [5](#Sec5){ref-type="sec"}.

Solving Posynomial Systems Is NP-hard {#Sec2}
=====================================

The following two results show that the feasibility problems for classical or tropical posynomial systems are NP-hard, even with integer exponents.

Proposition 1 {#FPar1}
-------------

Solving a square tropical posynomial system is NP-hard.

Proof {#FPar2}
-----
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Theorem 2 {#FPar3}
---------

Solving a square classical posynomial system is NP-hard.

Proof {#FPar4}
-----
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A Linear Programming Approach to Solve Tropical Posynomial Systems {#Sec3}
==================================================================
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Definition 1 {#FPar5}
------------

We say that a vector *y* in the (convex) conic hull $\documentclass[12pt]{minimal}
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Given a vector *y*, we consider the following linear program: Remark that the feasibility set of this linear program consists of the vectors $\documentclass[12pt]{minimal}
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Theorem 3 {#FPar6}
---------

Assume that *y* is a colorful vector, and that the linear program ([LP(*y*)](#Figa){ref-type="fig"}) is feasible. Then, the linear program ([LP(*y*)](#Figa){ref-type="fig"}) has an optimal solution, and any optimal solution *x* satisfies $\documentclass[12pt]{minimal}
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As a consequence of Theorem [3](#FPar6){ref-type="sec"} and Proposition [4](#FPar8){ref-type="sec"}, if the tropical posynomial system $\documentclass[12pt]{minimal}
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Proposition 5 {#FPar10}
-------------

If a Markov decision process is of discounted type, then any negative vector is colorful with respect to the associated posynomial system.

Thus, we recover the linear programming approach to Markov decision processes (see \[[@CR13]\]), showing that the value is obtained by minimizing the function $\documentclass[12pt]{minimal}
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Geometric Programming Approach of Posynomials Systems {#Sec4}
=====================================================

We refer the reader to \[[@CR6]\] for background on geometric programming.
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Proof {#FPar12}
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If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}$$\end{document}$ is nonempty, let denote its recession cone, and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in \mathcal {C}$$\end{document}$. Since *y* is a colorful vector, there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\lambda _1,\dots ,\lambda _n)\in \mathbb {R}_{> 0}^n$$\end{document}$ and a basis $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(a_1,\dots ,a_n)\in \prod _{i\in [n]} S_{P_i}$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y=\sum _{i=1}^n \lambda _i a_i$$\end{document}$. Thus, , and so . As a consequence, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _i > 0$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\in [n]$$\end{document}$, . Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(a_1,\dots ,a_n)$$\end{document}$ is a basis, we get $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x = 0$$\end{document}$. Thus, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {C} = \{0\}$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}$$\end{document}$ is bounded by Minkowski--Weyl Theorem.    $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$
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Theorem 7 {#FPar13}
---------
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Proof {#FPar14}
-----
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Properties of the Colorful Interior of Convex Sets {#Sec5}
==================================================

Theorems [3](#FPar6){ref-type="sec"} and [7](#FPar13){ref-type="sec"} rely on the existence of a colorful vector. The purpose of this section is to study the properties of the set of such vectors. In fact, colorful vectors can be defined more generally from a family of *n* closed convex cones.

Definition 2 {#FPar15}
------------
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Lemma 8 {#FPar16}
-------
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The set has appeared in a work of Lawrence and Soltan \[[@CR9]\], in the proof of the characterization of the intersection of convex transversals to a collection of sets. In more details, Lemma [8](#FPar16){ref-type="sec"} and \[[@CR9], Lemma 6\] imply:

Proposition 9 {#FPar17}
-------------
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Remark that Proposition [9](#FPar17){ref-type="sec"} still holds if the colorful simplices $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varDelta \in \mathcal {D}$$\end{document}$ are replaced by the convex transversals to the sets $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_1, \dots , S_n$$\end{document}$.

Given a hyperplane , we shall denote below by $\documentclass[12pt]{minimal}
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Theorem 10 {#FPar18}
----------
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Proposition 11 {#FPar19}
--------------
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Proposition 12 {#FPar20}
--------------
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Proposition [12](#FPar20){ref-type="sec"} provides a necessary condition to ensure that . Since for all $\documentclass[12pt]{minimal}
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                \begin{document}$$(S_i)_{i\in [n]}$$\end{document}$ is necessary as well for to be nonempty. However, Fig. [1](#Fig1){ref-type="fig"}b shows that this last condition is not sufficient. We conjecture that the necessary condition stated in Proposition [12](#FPar20){ref-type="sec"} is sufficient:

Conjecture 13 {#FPar21}
-------------
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We prove this conjecture in the case where $\documentclass[12pt]{minimal}
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Proposition 14 {#FPar22}
--------------
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Proof {#FPar23}
-----
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